Development of a general lossy transmission line model by Demeester, Thomas & De Zutter, Daniël
Development of a General Lossy
Transmission Line Model
Thomas Demeester
Supervisor(s): Danie¨l De Zutter
Abstract— In modern high-frequency technologies, an accurate design
requires precise and fast electromagnetic simulation tools. Some material
properties have a strong impact on the electromagnetic behavior, such as a
finite thickness and conductivity for the conductors and semi-conductors.
Due to increased frequencies nowadays, wave effects can no longer be ne-
glected when one designs the interconnect structures. A multi-conductor
transmission line model is thus needed, to deal with finite conductivities
and losses in general. The presented model is based on Maxwell’s equations
and the Dirichlet-Neumann operator.
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I. INTRODUCTION
In modern high-frequency interconnect structures (both on
printed circuit boards and within microchips), wave effects and
losses are strongly influencing the signals on the lines. Very
often in existing design software, copper signal conductors are
modeled as infinitely thin perfect conductors. The effect of the
conductor’s finite conductivity on the propagation characteris-
tics becomes constantly higher, and should therefore be incor-
porated in the design software.
For the lowest frequencies, the currents are uniform within
the conductors, and hence the losses are described correctly by
Ohm’s law. From a certain frequency onwards, the currents be-
come non-uniform and tend to flow toward the boundary of the
conductors, which is called current crowding. At the highest
frequencies, the current flows within a very thin layer on the
outside of the conductors. This is called the skin effect, and
the losses can be described using a so-called surface impedance.
Due to further miniaturization of the microchip interconnec-
tions, the intermediate frequency range gains importance, and
the transmission line model must be accurate within this fre-
quency range as well.
One possibility is to solve the full-wave electromagnetic field
problem, but this would lead to a numerically hard eigenvalue
problem, unsuited for design. In practice, only the fundamen-
tal propagation modes are required and they are found from the
so-called quasi-TM approximation of Maxwell’s equations, in
which a few small field components are negligible.
In section II, a short overview on the development of the
model is given (A), followed by a basic description of capaci-
tance model (B) and inductance model (C). Section III demon-
strates some of the possibilities of the model with an example.
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II. TRANSMISSION LINE MODEL
A. Overview
A traditional multi-conductor transmission line model in the
frequency domain exists of (i) a capacitance problem (leading
to the capacitance and conductance matrices) and (ii) an induc-
tance problem (for the inductance and resistance matrices). In-
troduced in [1], the differential surface admittance technique can
be used for the solution of the inductance problem. A careful
analysis of Maxwell’s equations led to an alternative derivation,
with a clearer view on the validity of the model. After that, the
capacitance problem was solved [2], based on the same princi-
ples, i.e. the Dirichlet-to-Neumann operator. This allowed sim-
ulating a wide range of inhomogeneous configurations, without
restriction to e.g. only substrate layers of infinite extension, as
is the case in some more traditional tools. Further investiga-
tion was done, to extend the method for general lossy configura-
tions and for composite conductors. Especially for semiconduc-
tor substrates, the derivation becomes more involved, since the
inductance and the capacitance problems are coupled.
B. Capacitance Problem
If a certain sinusoidal voltage excitation is imposed, an oscil-
lating surface charge appears on the conductors. The capacitive
coupling between the lines is caused by interactions in between
those charges on different conductors, and is described by the
capacitance matrix [2]. The conductance matrix is found from
the solution of the capacitance problem as well. It represents the
dielectric losses and current leakage between different conduc-
tors.
Traditionally, the frequency-independent capacitance prob-
lem is solved by determining the total charge on each conduc-
tor. The inhomogeneous environment of the conductors is dealt
with by replacing each material by equivalent charges in free
space, which simplifies the electromagnetic problem. When
semi-conductors are present, the capacitance problem depends
on the frequency. The most convenient way to solve the capaci-
tance problem is now derived from the general electromagnetic
reciprocity theorem. The result is an extension of the one-line
model from [3] toward a multi-conductor model.
C. Inductance Problem
Consider one signal conductor, in which a sinusoidal current
is flowing. This current produces an oscillating magnetic field,
which induces new currents in the surrounding conductors. The
influence of this magnetic field on the current both in the con-
sidered conductor and the neighboring conductors is called the
inductive effect, which is described by the entries of the induc-
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Fig. 1. Symmetrical pair with layered conductors (copper - chromium - copper),
with conductivities σCu = 58 S/µm, and σCr = 7.75 S/µm. All dimensions
are in micrometers.
tance matrix. For not too high a frequency, an important mag-
netic field exists inside each conductor, strongly influencing the
inductive behavior of the line. With perfect conductors, this so-
called internal inductance cannot be modeled.
The ohmic losses caused by the finite conductivity of the
conductors are described by the resistance matrix. For increas-
ing frequencies, the losses get higher due to current crowding.
These frequency-dependent losses cause the attenuation of the
propagating signals.
Just as in the capacitance problem, the conductors are re-
placed by equivalent surface sources in free space. As a result,
an expression for the inductance and resistance matrices can be
derived, like in [1]. This technique allows a high accuracy, even
at the higher frequencies. Numerical methods which are based
on volume discretization of the conductors would face difficul-
ties at skin-effect frequencies.
III. APPLICATION: LAYERED CONDUCTORS
The transmission line model can be used to simulate many
different configurations, both on-chip and on-board. Much time
was spent on the development of the model for multi-conductor
lines embedded in an environment with semi-conductors. An-
other important topic was the adaptation of the theory for com-
posite conductors [4] (composed of metallic parts with a differ-
ent conductivity), together with the solution of the internal cur-
rent density problem. This second application is demonstrated
here.
Recent technological developments in composite conductors
involve coated and layered signal lines. In Fig. 1, a differential
microstrip pair is shown, consisting of two such layered conduc-
tors (copper - chromium - copper) above a dielectric slab (with
relative permittivity r = 10.2) on top of a perfect electric con-
ducting (PEC) ground plane. Once the transmission line matri-
ces are determined, the fundamental propagation modes follow
straight from the telegrapher equations. Two propagation modes
can exist on the structure of Fig. 1, namely an even and an odd
mode, referring to the symmetric, resp. anti-symmetric voltage
excitation for those modes. The combined influence of the di-
electric underneath the conductors and the free space elsewhere,
is expressed in the form of an effective relative permittivity reff
of each mode, defining the modal velocity v as v = c/√reff ,
with c the speed of light. Important as well is the attenuation
constant α of each mode. Both reff and α are shown in Fig. 2
and compared to the situation with homogeneous copper con-
ductors. These propagation characteristics follow straight from
the solution of the transmission line equations. Note e.g. that
the even mode has a higher reff , as its fields are concentrated
more in the dielectric, and it has therefore a smaller wavelength
and a lower velocity than the odd mode. To demonstrate the
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Fig. 2. Effective relative permittivity reff and attenuation factor α (dB/mm) for
the configuration of Fig. 1.
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Fig. 3. Electric field Ez along vertical lines at different depths on the right side
of the left conductor, for an excitation of the right conductor with 1V. The
interval ∆ is 0.1 µm.
skin-effect, the longitudinal electric field Ez (proportional to the
current density Jz = σEz in each region with conductivity σ) is
shown in Fig. 3 for the highest simulated frequency, at different
depths inside the conductor. Note that the fields penetrate better
into the chromium region than into the copper regions.
IV. CONCLUSION AND OUTLOOK
The transmission line model developed in the past months is
an effective tool to simulate a new range of realistic configura-
tions. In a next step, the developed techniques will be used for
three-dimensional configurations.
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